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Abstract 

The modular properties of characters of representations of a family of W-superalgebras extend- 
ing jj[(1|1) are considered. Modules fall into two classes, the generic type and the non-generic one. 
Characters of non-generic modules are expressed in terms of higher-level Appell-Lerch sums. We 
compute the modular transformations of characters and interpret the Mordcll integral as an integral 
over characters of generic representations. The C-span of a finite number of non-generic characters 
together with an uncountable set of characters of the generic type combine into a representation of 
SX(2;Z). The modular transformations are then used to define a product on the space of charac- 
ters. The fusion rules of the extended algebras are partially inherited from the known fusion rules 
for modules of gl (1|1). Moreover, the product obtained from the modular transformations coincides 
with the product of the Grothendieck ring of characters if and only if the fusion multiplicities are 
at most one. 

1 Introduction 

Automorphic forms, representation theory and conformal field theory are closely related areas since 
characters of modules of conformal field theories possess modular properties. Important examples 
are representations of affine Lie algebras and their characters as well as lattice vertex operator 
algebras whose characters involve the theta function of the lattice. A crucial ingredient of the 
algebraic structure of (rational) conformal field theories is the fusion ring of modules, which is 
related to the modular transformations of characters via the Verlinde formula. 

Here, we consider a family of W-superalgebras extending g[(l|l) which is a supersymmetric 
analogue of gl(l) and rank one lattice vertex algebras. To illustrate the main ideas of this con- 
struction, the investigation of modularity, and the Verlinde formula we start by presenting the 
well-known example of rank one lattice vertex algebras. For an introduction to conformal field 
theory and a detailed exposition of this example see [G]. The affine vertex algebra of gl(I) or 
rank one Hciscnberg algebra has the inverse of Dcdckind's 77-function as its character. This algebra 
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admits a family of extensions to larger conformal field theories as follows. Irreducible modules V a 
of highest-weight «eR possess rather trivial fusion products, namely 



V a x f V = V a+P . (1.1) 

This implies that the module 

M a = Vma 

mSZ 

is closed under the fusion product. Let a 2 £ Z, then such a module extends the rank one Heisenberg 
algebra to a larger conformal held theory. Important examples of these extensions are the affinc 
vertex algebra of si (2) at level one (a = s/2), and the super Virasoro algebra at central charge one 
(a = y/3). The character of the module V a is 

Xv a (u; t) 



T)(t) 

where r £ H, u € C. Hence, the character of the module M a is 



XM a (u; t) = -r-r 



e 2™» e „T« ! m ! _ 3 (au;a r) 



If a is the square root of a positive even integer, these characters have particularly good modular 
properties. The extended algebra is the lattice aZ. The modules 

M ai n = Kna+n/a 

for n = 0, a 2 — 1 close under the fusion product and its characters form a representation of the 
modular group SL(2;Z). 

Here we investigate a supersymmetric analogue of this simple example. Consider the afhne Lie 
superalgebra jj[(1|1). The character of its afhne vertex supcralgebra is 



e i7ru 1 / . 

XZitT\1\(' u ',V;T) — l 5— : J7— r I — i >(— 1) 



l(w;t) 



l_ e 2wiu ' 

where r£i, u,ij£C. Verma modules of this algebra are generically irreducible. The non-gencric 
case is called atypical and gives rise to interesting extended algebras |CRlj . Atypical modules are 
labeled by a pair (n, £), where £ is an integer and n a real number. Their characters are, for example 
if I > 0, 

( \ i 2-Kivl e Vl(U,T 

XA^Au, v r) = (-1) «e — —r, — m Q/ N ■ 

The fusion product of atypical modules is not complicated |CRlj . As in the q\ (1) case, there exist 
sets of modules that close under fusion and thus combine to an extended algebra. We are considering 
a class that is labeled by two integers n, £, such that £ > 0, n = mod £ and n£ + £ 2 > 0. We call 
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these extended algebras W n ,£- The most interesting family in this class is obtained by setting 1=1 
and n = 0, 1, 2, ... . In [CR2] it was shown that the operator product algebra of an even subalgebra 
of W n j agrees with the operator product algebra of the Feigin-Semikhatov , x algebra at level 
— 2(n — l)(2n + l)/(2n — 1) |FSj . The character of such an extended algebra is 



' v ' mez 

This character can be expressed in terms of an higher-level Appell-Lerch sum. Using the modularity 
of these sums we find analogously to fll (1) and rank one lattice vertex algebras 

Theorem 1 Let n,£ £ Z, such that I > 0, n = (mod £) and n£ + I 2 > 0. Then there exists a 
set of modules of the algebra W n ,i, such that the C-span of its characters is a representation of the 
modular group <5X(2;Z). 

The set of characters of modules appearing involves a finite subset of non-generic, we call it 
again atypical, modules whose characters are expressed in terms of Appell-Lerch sums, as well 
as a set of uncountable size of generic or typical ones. We are able to relate the latter to the 
shifted Mordcll integral appearing in the S'-transformation (the fractional linear transformation 
given by the involution of the modular group SL 2 (Z)) of the Appell-Lerch sum thus giving 

a representation theoretical interpretation of this term. A phenomenon of similar type has been 
noticed in string theory [Mj lETj . 

A connection between the representation theory of affine Lie superalgcbras, Appcll-Lcrch sums, 
and number theory was first noticed by Kac and Wakimoto IKW2j (see also |KP1 IKWlj ) . They 
discovered that characters of affine Lie superalgebras at level one are related to Ramanujan's 
mock theta functions |KW2j . Using work of Zwegers |Z2[ Chapter 1] on Appell-Lerch sums and 
mock theta functions Bringmann and Ono jBriOj were able to show that some of the q-series 
obtained by Kac and Wakimoto are the "holomorphic" parts of some non-holomorphic functions 
which are products of weight 1/2 harmonic Maass forms (introduced by Bruinier and Funke |BFj ) 
with a weight —1/2 quotient of n- functions. Recently, characters of other Lie superalgebras have 
been related to Appell-Lerch sums (for example |GQS| , [F] . jBriFoj ). Zwegers |Z3j also embedded 
other types of g-series, namely those that Kac and Wakimoto referred to as "multivariable Appell 
functions" , in a theory similar to the one he build around the level one Appell-Lerch sum in his 
doctoral thesis |Z2j . We use his results to obtain the modularity of our characters. 

In the second part of this article we investigate the connection of the product induced by the 
modular transformations of characters to the Grothcndicck ring of characters. In rational conformal 
field theories it is straightforward to compute a product structure on the ring of characters using 
their modular properties. Namely, in the above example the character of the module M a%n is 

XM an (u;r) = z n / a q n2 / 2a2 -^-8 3 (au + nT;a 2 T). 



Then the S -transformation is 



'u 1 

XM a , n { -; — i = 



TTiu 2 It \ ^ — 27rinl/a 2 f \ 



1=0 

This transformation is used to define the numbers 

g— 27rmZ/a 2 
Snl = F= 
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The matrix S with entries S n i is called the S-matrix. It is used to obtain the numbers 

a 2 — 1 c c C~ 1 a 2 — l 

JV ab = > = — = > e = 6 a +b,c- 

— *J01 \/ cu z — 

1=0 v i=0 

These numbers allow us to provide the space of characters with a product structure, which we 
denote by Xy 

a 2 -l 

Xu a , a {u;T) x v XM a , b {u;r) := 2J N ab c XM a} A u \ T ) = XM„, a+i ,(«;i-). 

c=0 

This product coincides with the Grothendieck ring of characters, that is, the ring structure on the 
space of characters induced by the fusion product of modules 

XM a , a (u;r) x G XM a , b (u;T) :=XM a , a x f M a , b (u;T) = Xa/», q+6 (w; r). 

The Verlinde formula predicts that the ring of characters obtained from the modular transfor- 
mations of characters is the Grothendieck ring of characters jV] . In the case of rational conformal 
field theories this was proven by Huang [H] . 

Here, we are interested in non-rational conformal field theories that contain a set of uncountable 
size of modules of the chiral algebra and that are quasi-rational in the sense that the fusion product 
of two indecomposable modules is a finite sum of indecomposable modules. Then, one needs to 
establish the modularity of the characters and understand how these can be used to define a product 
structure on the space of characters before postulating an analogue of the Verlinde formula. There 
are examples of this type that are well-understood, namely the case of gl (1|1) |CQS| and the case of 
an admissible but non-integer level st (2) theory [CR3 . In the first example characters are expressed 
in terms of Jacobi theta functions, while in the second one characters are often divergent sums and 
need to be interpreted as distributions. 

We use the modular transformations of characters (Theorem I16p to compute a product on the 
C-span of characters. The fusion product of g[(l|l) is known and the fusion multiplicities are at 
most one |CRlj . Since the operator product algebra of gI(l|l)-modules |SS[ ICR0I is also known, 
it is clear whether there exist intertwining operators between modules of the extended algebra. 
However, their multiplicities remain unknown. In analogy to gl(l|l) it seems reasonable that these 
multiplicities arc cither zero or one. The comparison with the fusion product gives 

Theorem 2 The product on the space of characters obtained from the modular transformations co- 
incides with the product of the Grothendieck ring of characters if and only if the fusion multiplicities 
of the extended algebra are at most one. 

In contrast to the situation in rational conformal field theories we have to deal with two sub- 
tleties. The modular S'-transformation involves characters whose weight-labels are not necessarily 
real. We analytically continue them to real weight-labels. Furthermore, non-generic modules are 
quotients of reducible generic modules implying that there are linear dependencies between char- 
acters of non-generic and generic modules. Using a rcgularization scheme we use these to express 
the characters of non-generic modules in terms of generic ones. 

Constructions of this type have been used before. In the cases of gl(l|l) and admissible level 
sl(2), similar as in our example, the computation of the ring of characters from the modular 
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transformations involves the interpretation of characters of non-generic modules as infinite sums of 
characters of generic ones. Further in the case of g[(l|l) a similar analytic continuation as in our 
example has been performed. 

This work is organized as follows. In Section 2, we summarize the results needed on extended 
algebras of g[(l|l) of |CRlj . In Section 3, following Zwegers' work, we introduce higher-level 
Appell-Lerch sums and compute their modular and elliptic transformation properties. We also 
introduce a variant of the Mordell integral. In Section 4, we compute the elliptic and modular 
transformations of the characters of the modules of the extended algebras. Especially, we give a 
representation theoretic meaning for the Mordell integral and we find that the C-span of certain 
finite sets of characters of non-generic modules combined with sets of uncountable size of generic 
characters are representations of SL(2;Z). In Section 5, we use the modular transformations to 
define a product structure on the space of characters and compare it with the Grothendicck ring 
of characters as far as we know the latter. 
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2 Extensions of the affine Lie superalgebra 

In this section, we summarize results of the affine Lie superalgebra qI (1 1 1) and the extended algebras 
of g[(l|l) discussed in |CRlj . 

The affine Lie superalgebra g[(l|l) is an infinite dimensional Lie superalgebra with generators 
E n , N n , i[>n (h in Z ) and K, d, where K is central and d is a derivation, i.e. 

[d,X n ] = nX n forX G {E, N, ■0 ± } . (2.1) 

The are odd, while all others are even elements of the superalgebra. The non- vanishing relations 
of the remaining generators are 

[E„,N m ] = KnS n +m,0, [N n ,1pm] = ^n+mi {V'n^m} = E n+m + KnS n+m fi . 

One usually considers representations with fixed i^-eigenvalue k £ R. As in the case of Lie algebras, 
one can then construct the generators of another infinite dimensional Lie algebra, the Virasoro 
algebra. The generators are 

La = (2N n E Q - E n + + *^*+ + ^E n E ) 

+ l Yl ( E "-™ N ™ + N n _ m E m + - *+_ m * m + ^E n _ m E m ) 

m>0 

and they satisfy the relations of the Virasoro algebra 

[L n ,L m ] = (n - m)L n+m + j^n(n 2 - l)5 n + m ,o 
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of central charge c = 0. This construction is referred to as the Sugawara construction [5]. Wc 
remark, that the level can be rescaled so as to normalize it to one as follows 

E ^ ± 
N ->• N E -> — * ± -> — 

To simplify notation we set k = 1 from now on. The zero mode subalgebra is the finite dimensional 
Lie supcralgcbra gl(l|l). It is usually called the horizontal subalgebra. Automorphisms that do 
not leave the horizontal subalgebra invariant are called spectral flow automorphisms in physics. 
For qI (1|1) they are a m , m £ Z and u a , a £ C, and they act as 

<J m (E a ) = E + m, <r m (^) = ip^± m , Vm{L n ) = L n + mN n> 
uJa(No) = N a + a, w a {L n ) = L n + aE n . 

and leave all other generators invariant. They become relevant in the discussion of elliptic trans- 
formations of characters. Let V be a super vector space and p : gl(l\l) — > End(F) a representation 
of We then define its character as 

Xp(u,v;t) = stT V (q p{Lo} z p{Na) y p{Ea) ) 

with q = e(r),z = e(u) and y = e(v). Representations were explicitly constructed in [SSI iLl 
CS, CRo| using free field realizations of the affine vertex superalgebra of g[(l|l) and its modules. 
Irreducible representations fall into two families. Generically Verma modules are irreducible, in this 
case they are called typical. These are highest-weight representations characterized by the weight 
label (e, n), e^Z,neC. We denote them by T n , e and we require the highest-weight state to have 
parity [ej , where the number [e\ is the largest integer smaller or equal to the real part of e. Then 
the character is 



XTr 

where the number 



e 2 



n ' e ~ ' ' 2 

is called the conformal dimension of the highest-weight vector of this module. It is required to be 
real. Representations of the non-generic family are irreducible quotients of Verma modules and are 
called atypical. They are characterized by the weight label (£,n),£ e Z, n £ R. We denote them 
by A n ,£ with character 



z 



- 1 ' 2 if £ > 



^T^^TT x \ 1 

Vv if/<o. 

Here, we choose the parity of highest-weight states to agree with the parity given by the free field 
realizations of jCR2||CR0l . Remark, that the vacuum module of the affine vertex algebra of gl (1|1) 
is Aofi. This algebra can be extended by atypical modules. For this, note that the fusion product 
of atypical modules is 

■A n .e X A n ' .1' = An+rf -efi^J+t' 

with e(£, (') = e(£) + e(£') - e(£ + £') and e{£) being 1/2, or -1/2 according as to wh ether I £ 1 
is positive, zero or negative, respectively. The fusion rules have been computed in }CR1| . and 
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the parity of the highest-weight state can be read off from the explicit free field realization of the 
algebra and its modules |CR2[ |CR0| . The extended algebras found in [CRlj are of the following 
type. Let £ be a positive integer and n such that 

A £(^-1-1) 1 
An+i/w = nl H G -Z >0 , 

then the fusion orbit of *4„ +1 / 2 ^ and its conjugate A- n -x/2,-t IS 

mSZ 

This is the vacuum module of a W-algebra, let us denote it by W n ,e, extending g[ (1|1 ). We require 
that 

n 

a = -j G Z. 

Let <£' <i and m, to' G Z, then 

*4m£a+e(m£),?m£ x -4(m' t+l')a+n' +e(m' ,m' = ^((m+m^£+r)a+ri'+d((m+m')£+r),(m+m')f+£' ■ 

This means, that 

is an irreducible module for 2U n! £. We call it atypical as it is composed of atypical irreducible 
g[ (1|1) modules. Its character can be read off (|2.3[) and equals 

6l{u; t) ty Z a\ml+l' z n' + ^^{rnl+£'){{rni+l'){2a+l)+2n' + l) 

V,n,( (u,V:t) = —i „ ,' ; > t—t; . 

' v ; mGZ * 

We are now going to combine generic g[ (1|1) modules into irreducible modules of T8 n ,t ■ The fusion 
rules for atypical- typical g[(l|l) modules are 

•A-n,t x Tn'.e' = Tn+n' — e(g),£+e' ■ 

This implies that the direct sum of typical modules 

-yn.,1 _ /T\ T 

n',e' vjy > mn+n\m£+e 

mGZ 

is an irreducible module of W n ,j£ (for e' ^ Z). As this is the generic case, we call it typical. Its 
character is 

XtV >,«;t) = i(-l)L^^^/ z »' g nV+ e 'V2 ^ ( _ ir ^ z mn (?m 2 /2(2nf+£ 2 )+™(ne'+n7+fc') 

^ mSZ 
= (— 1 )L e 'J ^ 1 ( M ' T ) ye'-i/2( 1 ye~l)/2 z 7i'~n/2g±(2n'e'+e' 2 -ne'-n'l-le'+nl/2+£ 2 /4) x 

?7 3 (t) 

x 6»! +m + ft. + T ^ne' + n't + e't - nl - ; {2ni + t 2 )^j . 

(2.4) 
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Note, that modules are related as 

.n,t _ A n,e , T n,l _ -r-n,£ (l? 

n n',£' ~ n n',£'+£ dIlu 1 n'.e' ~ 'n'+n.e'+f- K*-°) 

Typical and atypical characters are related as follows 

X A n,e (u,v;t) - x A "- 41 ( u , v ', t ) = X T n ' e (u,v;t) . (2.6) 

n'+l,e' n',l' n'+e'n/l+l/2,e' 

This equation has to be taken with care as the modules T™f e , are irreducible if and only if e' ^ Z. 

The characters of T"; e , with £' g Z are characters of reducible but indecomposable modules. 

The fusion rules are inherited from those of g[(l|l) up to multiplicities. This means, we know 
which fusion coefficients are non-zero, but we do not know their precise multiplicities. We conjecture 
them to be as simple as possible. 

Conjecture 3 The fusion rules of the extended algebra %H n ,e are 

M n',r A / n n",i" ~ n n'+n",£'+£" 
nn,£ -i-yi ,£ _ -r-n,£ 

R n',£' X f ' n",e" ~ ' n'+n" +a£' ,e'+e" ■ 

We do not consider fusion products of typicals with themselves since they sometimes involve a third 
type of modules which does not provide additional information for the problem we consider. 

Our aim is to obtain the modular and elliptic transformation properties of these two families of 
characters and to use them to compute a Verlinde formula that is in agreement with Conjecture [3] 

3 Appell-Lerch sums and the Mordell integral 

We study higher-level Appcll-Lcrch sums and the Mordell integral. First we recall important work 
of Zwegers |Z2] on (level one) Appell-Lerch sums. 
For «eC and r G H we let as before 

6x(u;t) := _^(_i)™ e ™>+^) 2 ^+2™«(«+i)_ ( 31 ) 
For u, v <G C \ (Zt + Z) and r G H Zwegers defines the normalized Appell-Lerch sum 

Jl-Kiu I i \n „7T2Tn(n+l) Jlitinv 

, \ _6 \ ~* 

fI(U,V,T) .— ^,_^2_^ I _ e 2irinT+2Tiiu ' 

where $(v; r) = #i(i>; r). Here we consider $(i>; r)/x(u, v\ r), namely we let 

a^v-t) = e 2 -y H) 6 9 . ^ . — = z yt}ui y_ 



where as before z := e 2mu ,y := e 27rvv ,q := e 2lTlT . In order to consider its modular transformation 
properties we introduce the Mordell integral 



h(u;r) := / dx. 

cosh7ra; 



Then we have (see Proposition 1.4 in |Z2j ) 
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Proposition 4 Assume notation as above. Then 

0i(u+1;t) = -0i(u;t) 

0i(«;r+l) = eT^fujT) 

7 ^ 1 



(u + r;r) = -e^- 2 ™^; r) 



= -W-ire mu /T 6»i(u;r). 

For Ai(u, i;;t) we obtain the following elliptic transformation properties 

Ai(u+1,v;t) = — A\ (u, v; r) 

Ai(«,u + l;r) = Ai(u,v;t) 

A x {u + t,v;t) = -e 2n( - u ~ v+T ^A 1 (u,v;T) - le^-^^^^r) 

A 1 (u,v + t;t) = e- te Ai(n,ii;T) + ie-^^+^^fl^w; r) . 

tm<i £/ie modular transformation properties 
Ai(u,v;t + 1) = Ai(u,v;t) 
^(".7;—) = re^" 2 - 2 ™^ ^i(tt,«;T) + ^i(i;;T)M«-«;r)^ 
For if S N the level FT Appcll-Lerch sum is denned as 
A K (u,v;r) = z K l^ 



f_]\Kn qKn(n+l) /2yU 



1 - zq n 

This function was first introduced and studied in |STTj , see also |Z3j . 
Remark 5 Note that 

X A »,i (u,v;t) = -i ^-^— z n ~ a A 1+2a (u,v + au + r(n' - a);r) . (3.3) 

n',0 ?7 ( T j 

The higher level Appell-Lerch sum can be expressed in terms of the level one sum as follows 
(also see |Z3j). 

Proposition 6 The level K Appell-Lerch sum satisfies 

Ak(u, v; t) = ^2z m A l [Ku 1 v + mT+^—;KT\ (3.4) 

rn=0 ^ ' 

A K (u, v; r) = K-W-W £ + £ + . (3.5) 
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Proof Rewriting the right-hand side of (|3.4[) yields 

K - 1 / K _ 1 s 
z m Ai I Ku, v + mr H ;Kt 



m=0 

^2^/ i\ifn..n„Jfn(n+l)/2 ^ > 



so we obtain the first statement. Computing 

^-1 V K K 2K ' K 



m— 



- ^^ /2 E \- za n/K - E e2 " T "" /K - ^(«.^) 

n£Z y m=0 

gives the second statement. □ 

This allows us to compute the elliptic and modular transformation properties (also see Theorem 
2.2 of [Z3]). 

Corollary 7 The level K Appell-Lerch sum satisfies the following elliptic transformation properties 

A k (u + 1,v;t) = (-1) k A k (u,v;t) 

A k (u + t,v;t) = (-i) K z K y- 1 q K / 2 A K (u,v,T)+ 



i" z"'~y ~' -q—'~ > z q 2 B\ I v + mr H — ; At 



(3.6) 



m=0 

A K (u,v + l;r) = A^(u,w;t) 

Ax(w,w + t;t) = z' 1 ^^, u; r) + i K z^^ x y~^ q~^ 6\ (^v + - 1 ; At^ . 

Moreover, the level K Appell-Lerch sum satisfies the following modular transformation properties 

A k (u,v;t + I) = A k (u,v;t) (3.7) 

and 

' u v 1 ' 



(I"----) = re-^ 2 -^(A K (u,v;r)+ 

K-i (3.8) 
+ ^ E H^T' + A ~ A' k) \ ~ ~VT T -K + K>k)) 



m=0 

or rewritten 

'U V 1 



*{">?S = re-^ 2 -^(A K (u,v;r) + 

i K - 1 / K -I \ ( A - 1 N * (3 ' 9 ^ 
+ 2 E z" 1 ^ ( w + mr - — ; At j h ( - v - mr H - — ; At 



m=0 
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Proof Combining Proposition[B]and the transformation properties of the level one Appell function 
(Proposition 0]) directly yields (|3.8p and (|3.9[) . The transformation properties p.7[) and in the first 
and third equation of (|3.6p are obvious. For the second equation of p.6[) observe that 



I 1 \Kn„£-n(n+i) .n 

A k (u + t,v;t) = £ ULj^ g 



{ _ l)Kz K,2 q K,2 y -X £ [ U « - - g (1 - + ( Z(f )*). 



1 - Zfl™ 

nez y 



For the last equation of (|3.6j) observe that 



( U)U + r;r) = z^ 2 £ ( ^ g - " g (1 - (zg")' 1 + (zg")' 1 ) 
* — ' 1 — zq n 



□ 

Remark 8 In Zwegers shows that the higher level Appell-Lerch sums transform as Jacobi 

forms if completed with certain nonholomorphic correction terms. Proposition [3| and Corollary [?] 
are also (indirectly) proven in that paper. 



We define the variant of the Mordell integral 
h s (u;r) ■■ 
where e > 0. We compute 

r n x 2 /2„ix p n x 2 /2 y ix „ — 27rrsx 

/ I , rdx = q- s ' 2 z- s / g Z -4 dx = q- s / 2 z- s h(u + sr;r). 

Jm+is cosh7r(a; — is) j R cosh7ra; 



L /2z " dx forO< \s\< l,s^±l/2 

JE cosn-7r(a: — zs) — 11 — ' ' ' 

f a x2 / 2 z ix 

L - — , , = ■ /„s dx for s = ±1/2, 



Hence, we have for — i < s < | that 

h s {u; T ) - q- s2/2 z- s h(u + st;t) = ( [ - [ ) 

V/» -iR+ia' 



— — ■ dx 

cosh7r(x — is) 



= 0. 

We summarize 

Proposition 9 For —1/2 < s < 1/2 the Mordell integral has the following transformation property 

h(u + sr) = q s2/2 z s h s (u;T). 

We remark that /ii(w;t) = — h(u;r). The transformation properties of the Mordell integral for 
integral s can be found in |Z3j . 
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4 Transformation Properties of Characters 

In this section, we compute the modular and elliptic transformation properties of the characters. 
We start with atypical characters. Recall, that we required a = n/i € Z, 77 G Z. 

Proposition 10 The elliptic transformation properties of the character X& n - e ( u y v i T ) are 

Xa ^> + M;t) = ^^\ Kftt (u,v;T) 
X^.i (u + t,v;t) = y^X/^.e (u,v;t) 
X A n,e (u,v + 1;t) = Xa"- 4 t ) 

n',t> n',l' 

X A n,e {u,v + t;t) = z~ 1 x A n,e (u,v;t) . 
More generally, we have for q€1 

X A «,<! (u,v + ar;T) = z" Q x A "^ ( u > v '> T ) ■ 
Proof Using the definition of x A n - 1 the proof of these equalities is a straightforward computation. 



Remark 11 The elliptic transformations are related to the automorphisms o/g[(l|l) in 
Denote the induced representation of a representation p of qI (1|1) by o~*{p) for an automorphism 
a. The automorphism Lo a (|2.2[) is rather trivial in the sense, that it only changes the weight-label n 

{iO a )*(A n ,l) = A n -a,e ■ 

It thus lifts to the following map of atypical W n ,t modules 

(w a ) (A n ; ^) = A n ;_ a ^. 

This is reflected in the elliptic transformation 

The automorphism o~ m is less trivial. It relates the gl(l|l) modules as follows llCRlf 

(Pm)*(A n ,i) = A n + m +e(e-m)-e(e),e-m ■ 

It thus lifts to the following map of atypical 2U n / modules 

(o~m) (A„' ^) = ^n' +m+ma,t' -m ■ 

This is reflected in the elliptic transformation for £' — m > 

V~ m X A "f e/ (u-mT,v,T) = x A ™ ; * + t/ _ (u,v;t) = X (o . m )»( A » ; ^,)( u ' v > T ) ■ 
Also note that the automorphisms that lift to automorphisms of the W-algebra are at o uj n+ £ . 
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Elliptic transformation properties of typical characters are similar and can be read off 
directly 

Proposition 12 The elliptic transformation properties of the character Xj n - e i u i v ] T ) are 

Xr :f Ju+l,v;r) = e M»'-i/»)^( UiP;r ) 
X jn .i (u + t,v;t) = 2/ _1 x r ,,f (u,v;t) 

n',e' n'-l,e'+l 

X-rf (u,v + 1;t) = e W x T n,« {u,v;t) 
X T n,e (u,v + t;t) = z^x^a (u,v;t) . 

More generally, we have for a G M, 

X T „,/ ; (u, v + ar; r) = z~ a x T ^,^ / (u, v; r) . 

We turn to the modular properties of characters. Here the idea is to reduce the computation 
to the family 1 = 1. We need the following observation. 

Lemma 13 Let & = e 2m / e and I := Z n [ n, n + £ — 1], then the atypical characters satisfy 

Xp^i{u,v-,T) = J^2,H ts X^ o (u,v+ |;r) and 

\ / sg/ 

The typical ones satisfy 

XW (w,t) = iVfe-^'V (%v+-.;t) and 

Xt ,m (u,v + -;t) = e 2 ™'^^2tfx rn , t (u,v;r) . 

te/ 

Proof The statement follows using results on sums over £— th roots of unity. □ 
So it suffices to deduce the modular transformation properties of Xa" 1 ( u > u + s /^j r )- 

n',0 

Lemma 14 Lei —1/2 < s,t < 1/2 and define 

. . a(a — m) a (a — m) 1 . . . , . 

""^ = "loTl - 2 ' = 2a + 1 + 2 ~ ^ ^ •* 



/or x € K. Then 



t/l,0 \T T £ T J L s/£,o\ £ / 

2a Xj"' 1 

+ -Y <1X 'n-"™-'™-" 
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Proof We let K := 2a + 1. By flH3]) we see that 

A t/«,o yr' r V t) t V 3 ( T ) 



x Te -Tri(Ku —2u(v+au+r(j~a)+a-j))/T 



A K [ u,v + au + t(- - a) + a - -; r 



- ^2 z ' n6l i ( " + fl« + r(- - a + m) - -;Kr ) h ( u(l + a) - v - r(- - a + to) + -;ifr 

(4.2) 

We have 

— 7riu 2 /t 2iriu(j — a) /r — 7ri(Ku 2 — 2u{v-\-au-\-r ( -| — a)+a— -|))/r %ftiuv jr „T~ a 

Thus, the expression in (|4.2[) simplifies to 

^ z m 6>i (ji + au + r^-a + mj - -jlKrj h ( u(l + a) - v - r (~ - a + to) +-;Kt 



x 

m=0 



Using Proposition [H] we can rewrite the latter expression as the sum of integrals over the typical 
characters for the given parameters. □ 

We compute the modular properties of the typical characters. More specifically, we are interested 
in 

X T a, (u,V,t) = x k e j^A y b-ix z ab+(a+l)ix ^ g {v + ua + KhT]KT ) 

•m-./lW.'m-./^*) V V) 

with parameters 

a — to + si I 

b = — -!— , K = 2a + 1 . 

K 

We have 

Lemma 15 Let < m < 2a and — | < s < |, then the typical character satisfies 

( u i 



U V t 1 



e 2Wr y f&e^'W^ (u,t;-!;T 



where 



. , . ixi iws _, si (to' + 1/2) (ml/2) 1 oN 
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Proof Let y := e 2 ™/ r ,z := e 2 ™/ T , and q := e~ 27 "/ T . We compute 



u v t 1 



1 0i(m;t) t lx(a+1) k x 2 ^(y+ugf ai u 2 



•m-./iW'W 1 * 1 \r t t tJ —it rj A {T) 



K , K 



with 



v ua tr 



Recall the standard Gauss integral 

a 



Thus, we have that 



Together with 

K-l 



d ( u ._L\ = ^2 q (n-(K-l)/2) 2 /2K e 2wi(n-(K-l)/2)(u+l/2) x 



n=0 



K-l\ K-l „ 
X 8\ I K u + t I n — H — ; Kt 



this implies 



u v t 1 



27ri-^ 



e 

m'=0' /K m'-f " n»'-J- 

where we changed summation to m' = 2a — n in (|4.6|) . Here, A m i (w) is given as in (|4.3I) . 
Define the sets 

r i / £ 

S = {s e Z| -1/2 < s < 1/2} and M = lm£-1\- -(2a + 1) < m <-{2a+ 1) 
Theorem 16 Let s, s',t,t' £ S, r,c £ M, x £ M and define the S-matrices 

S (t/l,t>) ~ ft 

, , s , u 1 e 2Ki{t'r-e r (x)t/e) 

(*/'>*') " 2<? sm^e^)) ' 

o(a c (u)),e c («j)) _ 1 / i \ Le,.(i')J + L e c('i«)J „27ri(e r (a!)ii"e (t(j)+e r (x)(c-2a-l/2)+e <! (to)(r-2o-l/2)+l/4) 
D (a r (x),e r (x)) - 1 J e 
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Then we have the following modular transformation properties 



U V 1 



1 1 



t/t.t' \T T T 



UV/T [ E S ^W- 

s,s> G S 
r£Ar K 

t/t,t' t/i,t' 

■KIUv/t V"^ / J c( a c( I ")j e c( u ')) c \ 

' > / aw S; ; > c \\ y-i-n.< (w, u;r) 

( l2 i^+(a-r-)-M<:x 2 + § + |) 



U V 1 

1 o r (x),e r (x) \ T T T 



X T »,^ (u,u;r+l) = e V K J x r *,i (u,v;t) . 

ar(m),e r (x) a r (a;) ,e r (&) 

Proof The formulas for the T-transformations follow directly. For the ^-transformations we first 
employ Lemma [13] and then use Lemma [14] respectively Lemma [15] The "reverse" application of 
Lemma [T3l yields the results where we use the periodicity of cosh and change the summation index 
to r :=m- s/l - s'K for the formula for x A «,« / (7, 7; -7)- For x T ",« (7, 7; -7) we set 

r = m — s/t— s K and c = m —tjl—t K. 

Again, the repeated use of Lemma [13] together with a change of the summation index yields the 
result. □ 

Remark 17 The S-matrices satisfy the following periodicity conditions 

q(s/£,s') q(s/t,s'+m'l) 

°(t/t,t') ~ S (t/e,t'+mi) ' 

q(a r (x),e r (x)) n("r+m'((2o+l)( I )' e r+m'((2o+l)( 1 )) q( a r (x ) +m' 71, e r (x) + m' 

°{t/l,V) ~ °(t/e,t'+nU) ~ °(t/t,t'+mt) ' 

o(Oc(t«),e c («j)) _ c(ac+ m {(2a+l)(>),e c+m { ( 2„+i)(>)) „(a t (i)+mn,e c (i)|m() 
(o r (i),e r (i)) ~~ («r +ra 'f(2a+l)( I ). e r + m '((2a+l)( 1 )) ~~ (a r ( ir ) +m' n , e r (z ) +m'f ) > 

/or m,m' € Z. These periodicities nicely correspond to the character identities (|2.5I) . 



5 The Ring of Characters 

In rational conformal field theories the modular transformation properties induce a ring structure on 
the vector space of characters via the Verlinde formula. This ring structure gives the Grothcndieck 
ring of characters [H] . 

In this section, we explain how to use the mock modular transformation properties in Theorem 
[T6l to provide the vector space of characters with a product structure. We show that this product 
coincides with the corresponding product in the Grothcndieck ring of characters if and only if 
Conjecture [3] holds. While the use of the Verlinde formula is straight- forward in rational conformal 
field theories, we have to deal with two subtleties here. Namely, we have to analytically continue the 
S-matrix and we have to view characters of atypical modules as (regularized) sums of characters of 
typical ones. Similar techniques were applied in the computation of the Verlinde formula of qI (1|1) 
|CR1] and a commutant subalgcbra of one of our theories |CR3j . 
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We are interested in characters with real weight labels, while the modular transformations of 
last section involved not necessarily real weights. Hence, we define the S-matrix as an analytic 
continuation to real weight labels of (|4. T[) . Recall that a r (x) = 2a — r — e r (x)(a + 1) + 1/2 (|4.1[) . 

Definition 18 Let s,s',t,t' <E S, r,r' <G M, e, e' <E R and let m = 2a — r,m' = 2a — r' , then we 
define 

q (s/£,s') _ If-i's-s'i 

Daa (t/e,t>) ~ g^e ' 



S, 



i „2iri(t'm—et/t) 
(m-(o+l)e+l/2,e) 1 e 

ot (*/A*') = 2£ sm(ne) ' 



o (m'-(o+l)e'+l/2,e') _ 1 / , \ [eJ + Le'J „27ri(eK'e'-e(m'-l/2)-e'(m-l/2) + l/4) 
0t *(m-(a+l)e+l/2,e) ~~ .g ^ ' 

We ca/Z Stt ffte typical ("and S aa the atypical,) S-matrix. 
Proposition 19 The typical and atypical S-matrices are symmetric 

q (m'-(o+l)e'+l/2,e') _ q (m-(o+X)e+l/2,e) o (a/*.*') _ q (t/e,t r ) 

D **(m-(a+l)e+l/2,e) " D «(m'-(a+l)e'+l/2,e') ' J «°((/«,t') " tt8 (sAs') 

and unitary 

El Ac' t? (m'-(o+l)e'+l/2,e')-o (m"-(o+l)e"+l/2,e") _ „, 
/ " e J «(m-(a+l)e+l/2,e) °*t(m'-(o+l)e'+l/2,e') ~ O m .m"0{e e j, 



m'EM 



The bar denotes complex conjugation. 

Proof The first statement on the symmetry is clear. For the second statement observe that 

Ef A ' Q ("i'-(o+l)e'+l/2,e')-o (m"-(o+l)e"+l/2,e") 
/ ae S tt(m-(a+l)e+l/2,e) Sr 



m'eM 



m'GM 

Now 



(ro-(a+l)e+l/2,e) °**(m'-(o+l)e' + l/2,e') 

_ f fa' (— 1) L e J + L e "J g27rie'(eif-e"if-m+m") e 27rim'(e"-e) e 7ri(e-e") (5 1) 



^ / e 27rie'(e_fS"-e"_fS"-m+m") _ q 



m'SM 



27rirn' (m— m")/ K 

e , 



which equals 5 m .m" by standard results on roots of unity. Then the delta distribution can only be 
non-zero if e — e' G Z in which case the phase e 7r ^ e_e l)L e J + L e J becomes one. So (|5.ip equals 

S m ,m"S(e - e"). 
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Moreover, we have 

{s/e,s')-Q 07V) _ 1 



EC <.s/e,s)-q ( r /*> r ) _ J_ t-ts-a'tt- 
°a*it/i,t') D aa(s/e,s') — p *t St 

'.s£S s'.sSS 



s'r — r's 



1_ ^ e 2 F( s ( r '-*')+"'('-t)). 



Using standard results on roots of unity we see that this equals 5t,r0~t',r'- D 
Definition 20 Define the structure constants for t, t' € S,e, e'el and m,m' € M as 

AT (m'-(o+l)e'+l/2,e') _ 



E //* 



o (fc-(a+l)a;+l/2,x) c (fe-(o+l)a:+l/2,x) "o (m'-(o+l)e'+l/2,e') 
a °-t{t/l,V) :,u (m-{a+l)e+l/2,e) ::>tt (k-{a+l)x+l/2,x) 



a (k-(a+l)x+l/2,x) 
k£M Jm Dat (0,0) 

Proposition 21 TTie structure constants satisfy 

N(t/H,t'),(m~(a+l)e+l/2.e) ( - m _(a+1)e +1 /2.e ) = £(g _ g' _|_ ( m ' _ m _ t / (,) / K)5 m > =m+t / t+t , K mod lK ■ 

Proof The statement follows from the following computation 



AT (m'-(a+l)e' + l/2,e') 

ly (t/l,t'),(rn-(a+l)e+l/2,e) 



kl + l/J 



_ _ J fl xe 2mxK(e-e'+(m'-m-t/e)/K) e 2wik(e'-e-t') e m(e-e')^_y 

^ k£M ^ R 

= J—Y 5(e~e' + (m' -m- tl I) I K)e 2nk ^ e ' ~ e ~^ e^^^ (~l)^ + [ - e ^ 

k£M 

= _L ^ ( 5(e-e' + (m'-m-t/£)/ J ft:)e 27rl *( m '- m - t ' K )e 7rl(e ~ e ' ) (-l) LeJ + Le ' J 
fee m 

= <5(e - e' + (m' - m)/K)5 m >= m+t / i+t > K mo dtK ■ 

The delta distribution can only be non-zero if e—e' <E Z, in which case the phase e 7Tl ( e ~ e )(— l)L e J + L e J 
becomes one. □ 

Since m, m' g M and i, t' € S*, we may choose ante {-1,0,1} such that m + 1 j '£ + 1! K + e£K £ M. 
We now define and compute an action of atypical characters on typical ones by 



X A n,i {u, v; t) x x T «,« {u, v; r) = V / de'N t 



(m'-(a+l)e' + l/2.e') 

(t/^,t'),(m-(o+l)e+l/2,e) 



m'SM ' 

= X T "- { (w,u;r) (5.2) 

7^ + t/«-(ti + l)<! + t'a + e fa,c + t' + e f 
m + t/«-(ti + l)e! + t'a,e + t' 

For the last equality we used al = n and (|2.5[) . Remark that this action extends to an action of the 
C-span of atypical characters on the C-span of typical characters by linearity. In order to obtain a 
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product structure on atypical characters we use the relation to typical ones (|2.6p , namely 

? n 

X A n,e (u, v; t) - % A n,< (u,v;t) = Y]x T "^ (u,v,t) 

n s/t, s > n s/e + m +l,s> f ' 3/e+i+3'a+l/2,a' 

1=0 

for all m > 0, m G Z and combine this with (|5.2I) to get 

X A «,f (u,«;r) x (x A »,€ (w,u;r)-x A ™,* (w,u;r)) = 

t/e,t> s/e,s> s/e+m+i.s 1 

m 

= y]x T "- f , (u,v;t) (5.3) 

* ' (s + t)/t+i + (s'+t')a. + l/2, S '+t> 

4=0 

= X A "- € - X A ™. { (w,u;r) 

"(s+t)/£, 5 '+t' n (s+t)/l+rn.+l,s'+t> 

We would like to take the limit m — > oo. Here a regularization is needed. For e > we let 

X\ n ,t {u,v;t) = q en ' 2 x An ,i (u,v;t) . 

n'.t' n',1' 

The product of regularized characters 

X%,t (u, v; t) X (xln.e (u,v;t)- X U,i (u,v;t)) = 

= Xln.e (u, v; t) - Xln,e (u,v;t) 

"(s+t)/£,s'+t' n (s + t)/t + m + l,s'+t' 

agrees with (|5.3[) in the limit e — > 0. The regularized character vanishes at infinity 

lim xln.e {u, v;t) = for all e > . 

n'— >oc n ' e' 

Hence, in the limit m — > oo, the regularized product (|5.4[) of (|5 . 3[) becomes 



X A „,< (w,w;r) x xln.e (u,v;t) = xUa {u,v;t) . 

t/t,t' "s/t,s' (s+t)/e, s '+t> 



We summarize 



(5.4) 



Proposition 22 The modular S-transformation gives the following products for t, t' , s, s' 6S,e£ 
E,m e M 



X A n,€ (u,w;r) x x T ",« (w,v;t) = Xy"- 8 (u,v;t) 

t/(,t' 'm-(a+l)e,e m + t/* - (a + 1) e + t' a, e+t' 

X A „, f (u, w; r) X x A n,« (u,v;t) = x A »,* (u,v;t). 

t/t,t> s/£,s' "(s+t)/£,s'+t' 

Comparing with Conjecture [3J we observe 



Corollary 23 Assume that Conjecture^ is correct, i.e. that fusion multiplicities are at most one. 
Then the product structure from the modular transformations coincides with the corresponding 
product in the Grothendieck ring of characters 

X A n,i (u,v;t) x x-r-A {u,v;t) = X( A n,t v T n,t \(u,v;t) 

n t/e,t> 'm-(a+l)e, e I A t/« , t< X / T ™ - + e ,e J 

Xln.e (u,v;t) x xU.i {u,v;t) = X/ w \{u,v;t) . 
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